Degree 3 Cohomological Invariants of Groups that are Neither Simply
  Connected nor Adjoint by Bermudez, Hernando & Ruozzi, Anthony
ar
X
iv
:1
30
5.
28
99
v3
  [
ma
th.
GR
]  
5 J
un
 20
13
DEGREE 3 COHOMOLOGICAL INVARIANTS OF GROUPS THAT ARE
NEITHER SIMPLY CONNECTED NOR ADJOINT
HERNANDO BERMUDEZ AND ANTHONY RUOZZI
Abstract. In a recent paper A. Merkurjev constructed an exact sequence which includes as one of
the terms the group of degree 3 normalized cohomological invariants of a semisimple algebraic group
G, greatly extending results of M. Rost for simply connected quasi-simple groups. Furthermore, in
the aforementioned paper, Merkurjev uses his exact sequence to determine the groups of invariants
for all semisimple adjoint groups of inner type. The goal of this paper is to use Merkurjev’s sequence
to compute the group of invariants for the remaining split cases, namely groups of types A and D
that are neither simply connected nor adjoint. This description not only demonstrates the existence
of many previously unstudied invariants but also allows us to extend several known results which
relate these invariants to the Rost invariant and algebras with involution.
1. Introduction
Let G be a linear algebraic group over a field F . The group of degree n cohomological invariants
of G with values in a Gal(Fsep/F )-module A is the set of natural transformations of functors
I : H1(−, G)→ Hn(−, A).
An invariant I is called normalized if I(e) = 0 where e is the trivial G-torsor. The object of interest
for us is the group Inv3(G,Q/Z(2))norm of normalized invariants of degree 3 with values in the
group Q/Z(2) which is defined as the direct sum of the colimit over n of the Galois modules µ⊗2n
and a p-component defined via logarithmic de Rham-Witt differentials in the case p = char(F ) > 0
(see [10, I.5.7]). These invariants were determined by M. Rost in the case that G is quasi-simple
simply connected, and recently by A. Merkurjev [13] in the case where G is adjoint of inner type. In
fact Merkurjev does quite a bit more, namely, he provides an exact sequence involving the degree
3 invariants of a semisimple group.
In this paper we use Merkurjev’s exact sequence to study the remaining cases of split quasi-simple
groups, namely the groups G = HSpin4n
1 and G = SLn/µm (note that the case G = SO2n has also
been computed, cf. [8, Part 1, Ch. VI]). Our study of the invariants for SLn/µm results in many new
degree three invariants that have never been discussed in the literature. We describe these, when
possible, by restricting the invariant to a suitable subgroup. For HSpin16, much more is known. The
description of the invariants for HSpin4n allows us to recover these results as well as extend them
to arbitrary n. Of particular interest are a formula for an “indecomposable”invariant of HSpin4n in
terms the invariant for PSp2n and the Rost invariant of a twisted Spin group and an extension of
the Arason invariant e3 to algebras with orthogonal involution.
1Recall that Spin
4n has three central subgroups of order 2. The quotient by one of them is SO4n. In our notation,
HSpin
4n is the quotient by either of the other two.
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2. Decomposable Invariants
Let G be a semisimple group over a field F . Then there is an exact sequence [13, Thm. 3.9],
0→ CH2(BG)tors → H
1(F, Cˆ(1))
σ
−→(1)
Inv3(G,Q/Z(2))norm → Q(G)/Dec(G)
θ∗
G−→ H2(F, Cˆ(1)).
As Merkurjev observed, this exact sequence describes two types of invariants of very different
natures. The first are the decomposable invariants defined as
Inv3(G,Q/Z(2))dec := Im(σ)
where σ is the map from the sequence (1). These invariants can be easily understood for our cases
of interest by following Merkurjev’s arguments for adjoint groups; namely, we define a map αG as
follows. Let G˜ be the universal cover of G with kernel C. For any character χ ∈ Cˆ(F ) we consider
the pushout
1 −−−−→ C −−−−→ G˜ −−−−→ G −−−−→ 1
χ
y y ∥∥∥
1 −−−−→ Gm −−−−→ Hχ −−−−→ G −−−−→ 1
Define a morphism
αG : H
1(F,G)→ Hom(Cˆ(F ),H2(F,Gm))
by sending a torsor E to the map χ 7→ ∂(E) where ∂ : H1(F,G) → H2(F,Gm) is the connecting
homorphism for the bottom sequence in the diagram. A homomorphism a ∈ Hom(Cˆ(F ),H2(F,Gm))
will be called admissible if ind(a(χ)) | ord(χ) for every χ ∈ Cˆ(F ).
Proposition 2.1. For the two families of groups G = SLn/µm and G = HSpin4n,
Inv3(G,Q/Z(2))dec ≃ Cˆ ⊗ F.
Proof. First, we show that every admissible map is in the image of αG. Following Merkurjev’s
arguments, it suffices to find a simply connected subgroup, G′ ⊂ G˜ of type An that contains C.
This can be done by inspection or exactly as in [13, Prop. 2.4/2.6]. The statement then follows as
in the proof of [13, Thm. 4.2]. 
3. Indecomposable Invariants
The second, and more interesting, class of invariants are the indecomposable invariants defined
as
Inv3(G,Q/Z(2))ind := Inv
3(G,Q/Z(2))norm/Inv
3(G,Q/Z(2))dec.
We note that the elements of this group are not cohomological invariants in the sense described in the
introduction. However, it is possible to define an invariant in the sense of [8] from an indecomposable
invariant by considering them as maps H1(F,G) → H3(F,Q/Z(2))/P , where P is the subgroup
generated by cup products of Tits algebras of G and elements of the field as in [13, p. 11]. The
sequence
1 −−−−→ Inv3(G,Q/Z(2))dec −−−−→ Inv
3(G,Q/Z(2))norm −−−−→ Inv
3(G,Q/Z(2))ind −−−−→ 1
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is actually functorial in G as noted in the comments after [13, Rem. 3.10]. That is, for another
group G′ and a map G′ → G, the diagram
(2) Inv3(G,Q/Z(2))dec

// Inv3(G,Q/Z(2))norm

// Inv3(G,Q/Z(2))ind

Inv3(G′,Q/Z(2))dec // Inv
3(G′,Q/Z(2))norm // Inv
3(G′,Q/Z(2))ind
commutes.
To understand the indecomposable invariants, we need to describe the groups Q(G) and Dec(G).
Let T be a maximal torus in Gsep, and let Λ be the Γ = Gal(Fsep/F )-lattice corresponding to
T , under the usual equivalence of categories between tori and their character modules, equipped
with the ∗-action. This action permutes a system of simple roots, cf. [11, §27.A]. It follows that
Λr ⊂ Λ ⊂ Λw where Λr and Λw are, respectively, the root and weight lattices of G. Define the
following group
Q(G) = (Sym2(Λ)W )Γ
where W is the Weyl group. It can also be described as the group of Γ-equivariant loops in
G [11, §31]. For a simply connected group, Λ = Λw, and Q(G) is generated by a single element
denoted q [11, Cor. 31.27]. Thus, for any other Λ, since (Sym2(Λ)W ) = Sym2(Λ) ∩ (Sym2(Λw)
W ),
there is a unique positive integer ℓ such that Q(G) = ℓqZ. Furthermore, ℓ is the smallest integer
such that the quadratic form ℓq takes only integer values on the lattice Λ.
Let nG be the gcd of all Dynkin indices of all representations of G. The values of this number
for absolutely simple simply connected groups can be found in [8, Appendix B]. Since ℓ | nG,
Dec(G) = nGqZ
defines a subgroup of Q(G), cf. [13, Ex. 3.5] .
Lemma 3.1. For G = SLn/µm and G = HSpin4n,
Inv3(G,Q/Z(2))ind ≃ Q(G)/DecG.
Proof. This follows immediately from Merkurjev’s exact sequence (1) and the remarks following [13,
Thm. 3.9], since, in the case of split groups, the map θ∗G is trivial. 
Therefore, in order to calculate the indecomposable invariants, it suffices to compute this quotient.
In the following sections, we compute the groups Q(G) and Dec(G) for the split groups G = SLn/µpr
and G = HSpin4n. Throughout, ℓq where ℓ ∈ Z
+ will denote the generator of Q(G).
4. SLn/µm
Let ps be the largest power of p dividing n, r a positive integer with r ≤ s.
Theorem 4.1.
Inv3(SLn/µpr ,Q/Z(2))dec ∼= F
×/F×p
r
.
Moreover, for p odd,
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Inv3(SLn/µpr ,Q/Z(2))ind ∼=


(Z/prZ)q if s ≥ 2r
(p2r−sZ/prZ)q if r < s < 2r
0 if s = r
and for p = 2,
Inv3(SLn/µ2r ,Q/Z(2))ind ∼=


(Z/2rZ)q if s ≥ 2r + 1
(22r+1−sZ/2rZ)q if r + 1 < s < 2r + 1
0 if s = r, r + 1
Proof. This will follow from formulas (3) and (4) below. 
4.1. Q(G) for SLn/µm. For SLn/µm, Λ is generated by the coroots along with the element τ :=
1
m(α1 + 2α2 + · · · + (n − 1)αn−1), see [7]. In this case, since all the coroots have the same length,
the quadratic form is just given by taking the Gram matrix to be the Cartan matrix and we get
q =
n∑
i=1
w2i −
n−1∑
i=1
wiwi+1.
We then have
q(τ) : =
1
m2
(
n−1∑
i=1
i2 −
n−2∑
i=1
i(i+ 1)
)
=
1
m2
(
(n− 1)2 +
(n− 2)(n − 1)
2
)
=
n(n− 1)
2m2
.
By definition, m | n, so the fact that gcd(n− 1, n) = 1 implies that we have
(3) ℓ =
{
2m2/ gcd(2m2, n) if n is even.
m2/ gcd(m2, n) if n is odd.
Note that if m = n then this agrees with Merkurjev’s result for adjoint groups, and also says, of
course, that if m = 1, i.e. G is simply connected, then ℓ = 1.
4.2. Dec(G) for SLn/µpr . For a group of type An−1, we take the set of simple roots {e1 −
e2, ..., en−1 − en}, where the ei are the images of the standard basis vectors ei for R
n. A domi-
nant character χ ∈ Λ corresponds to a sum
∑
ciei with c1 ≥ c2 ≥ ... ≥ cn. Suppose the ci have
distinct values a1 > ... > ak with multiplicities r1, ..., rk. In this case, by [8, pg. 136], nG can be
computed by taking the gcd over all integers
N(χ) =
(n − 2)!
r1!r2!...rk!
[n
∑
i
ria
2
i − (
∑
i
riai)
2].
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We already know some convenient bounds on nG. First, by [8, Part 2, Lem. 11.4], m | nG.
Moreover, nG | gcd(m
2, 2n). To see that it divides the first, choose the dominant character with
c1 = m, ci = 0 for i > 0. It divides the second by [7, Ex. 1.3] and the observation that the Coxeter
number in this case is n.
We consider only the case where m = pr is a power of a prime and n is arbitrary. In this case,
nG must be a power of p because it divides m
2. Let n = k · ps where k is coprime to p. If s = r,
then we can conclude by the above bounds. Namely, if p 6= 2 then we have nG = p
r since we know
it is a power of p, and it has to be equal to pr because it divides 2n. If p = 2, then as Q(SLn/µ2r)
has generator 2r+1q in this case, we have that 2r+1 | nG. Further, nG must be 2
r+1 because it is a
power of 2 dividing 2n.
Thus we reduce to assuming that s 6= r. Consider the m-th exterior power of the tautological
representation of SLn. From [3], it has highest weight λ = e1+ · · ·+ em, and in the above notation,
a1 = 1, a2 = 0 and r1 = m, r2 = n−m, so that
N(λ) =
(n− 2)!
m!(n−m)!
(n ·m−m2)
=
(
n− 2
m− 1
)
=
(
n
m
)
m(n−m)
n(n− 1)
as can be found in Dynkin’s Tables [4, Table 5]. Appealing to Kummer’s Theorem on the power of
a prime dividing the binomial coefficients, we have
ordp
(
n
pr
)
= s− r.
Using this in the above formula, if s 6= r,
ordp
(
n
pr
)
pr(kps − pr)
kps(kps − 1)
= ordp
(
n
pr
)
+ 2r − s
= s− r + 2r − s
= r
This computation implies that nG = p
r, since we already knew that m = pr | nG.
In summary,
(4) nSLn/µpr =
{
pr if p 6= 2 or p = 2 and s 6= r.
2r+1 if p = 2 and s = r.
4.3. A Fibration. It would be nice to have an explicit description of the indecomposable invariants
in this case. However, even the torsors for these groups are difficult to describe. Lacking a reference,
we include here a fibration which in some small way explains these objects.
Proposition 4.2. There is a surjection of pointed sets
H1(F,SLn/µm)։ {central simple algebras/F of degree n with exponent | m}/ ∼
where A ∼ B if A and B are isomorphic as F -algebras. Moreover, the fiber over the algebra A is
isomorphic to F×/Nrd(A×)F×n/p
r
.
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Proof. Consider the commutative diagram:
1 −−−−→ µm −−−−→ SLn −−−−→ SLn/µm −−−−→ 1y y y
1 −−−−→ Gm −−−−→ GLn −−−−→ PGLn −−−−→ 1
Passing to cohomology, we have that
H1(F,SLn/µm) −−−−→ H
2(F, µm)
φ
y y
H1(F,PGLn) −−−−→ H
2(F,Gm)
commutes. Since
Im(φ) = ker{H1(F,PGLn) −→ H
2(F, µn/m)},
it follows that H1(F,SLn/µm) maps onto the isomorphism classes of central simple algebras of
degree n with exponent dividing m. The fiber of the top map of the diagram over an algebra A is
in the image of H1(F,SL1(A)), and this set can be easily computed from the sequence
1 −−−−→ SL1(A)(F ) −−−−→ GL1(A)(F ) −−−−→ Gm(F ) −−−−→ H
1(F,SL1(A)) −−−−→ 1.
Finally, the mapH1(F, µm)→ H
1(F,SL1(A)) sends a field element a ∈ F
× to an/m ∈ F×/Nrd(A×).
This yields the fibration described in the proposition. 
4.4. Examples. If p = 2, then any central simple algebra with exponent dividing 2 has an invo-
lution of the first kind. This structure has been used to define degree 3 cohomological invariants
in some small cases [9], but for odd primes and higher powers, these invariants do not exist in the
literature. However, for some values we have a complete description.
Theorem 4.3. If 4 | n,
Inv3(SL2n/µ2,Q/Z(2))norm ≃ F
×/F×2 ⊕ Z/2Z.
Moreover, these invariants can be described explicitly by restricting the degree 3 invariants of PSp2n.
Proof. Using the natural inclusion
Sp2n ⊂ SL2n
and modding out by the center of Sp2n gives an inclusion
PSp2n ⊂ SL2n/µ2.
The degree 3 invariants of PSp2n were completely described in [9] when 4 | n. We use this
description and the above inclusion to do the same for SL2n/µ2. The group SL2n acts on the 2n-
dimensional vector space F⊕2n. Let V = ∧2F⊕2n. SL2n acts canonically on V , and since it is the
second exterior power, so does SL2n/µ2. Over an algebraic closure, there is an open SL2n/µ2-orbit
in P(V ) [14, Summary Table], so by [5, §9.3], there is a surjection
H1(F,N) −−−−→ H1(F,SL2n/µ2)
where N is the stabilizer of a generic point in the open orbit. By inspection, or again referring
to [14, Summary Table], N = Sp2n/µ2 = PSp2n. Thus we have an inclusion
Inv3(SL2n/µ2,Q/Z(2))norm →֒ Inv
3(PSp2n,Q/Z(2))norm.
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Now, from the commutative diagram
H1(F,PSp2n) −−−−→ H
2(F, µ2)y ∥∥∥
H1(F,SL2n/µ2) −−−−→ H
2(F, µ2),
and the description of the decomposable invariants in [13, Thm. 4.6], it follows that
Inv3(SL2n/µ2,Q/Z(2))dec ≃ Inv
3(PSp2n,Q/Z(2))dec.
By the commutativity of diagram (2), it follows that
Inv3(SL2n/µ2,Q/Z(2))dec →֒ Inv
3(SL2n/µ2,Q/Z(2))norm
also splits, and these groups have the same degree 3 normalized invariants. The statement follows
from the description of the invariants in Theorem 4.1 and the explicit construction of [9]. 
An Explicit Invariant for SL8/µ2. In [9, §5], the authors go further to describe the invariants
for PSp8 via the Rost invariant for a simply connected group of type E6. A similar calculation can
be done for SL8/µ2 and a simply connected group of type E7. First, consider the diagram
PSp8 ⊂ E6
∩ ∩
SL8/µ2 ⊂ E7
The inclusion SL8/µ2 →֒ E7 can be obtained via the Borel-de Siebenthal theory of maximal rank
subgroups by deleting the vertex labeled 2 which does not disconnect the Dynkin diagram, cf. [12].
We have the corresponding map of simply connected groups
SL8 → SL8/µ2 →֒ E7.
By inspection, the Rost multiplier is 1 in this case, so the non-trivial degree 3 indecomposable
invariant for SL8/µ2 is a restriction of the Rost invariant of E7. We also remark here that the
invariant ∆(A, σ) described in [9] is a generator for the indecomposable invariants of PSp8 and thus
of SL8/µ2 by Theorem 4.3. The decomposable invariants x ∈ F
×/F×2 are defined on an element
y ∈ H1(F,SL8/µ2) as y 7→ (x)∪ ∂(y) where ∂ : H
1(F,SL8/µ2)→ H
2(F, µ2). From the definition of
∆(A, σ) it is difficult to say much more about it. However, in a recent preprint, Demba Barry [1]
has shown that the image of this element in H
3(F,µ2)
[A]·F× is non-zero for an indecomposable algebra
of degree 8 and exponent 2. That is, not only is ∆ not generated by decomposable invariants, it
cannot even be written in a similar manner using cup products.
An Explicit Invariant for SL9/µ3. Similarly to the previous example, the indecomposable in-
variants of SL9/µ3 can be described via a simply connected group of type E8. Again, the Borel-de
Siebenthal theory shows that by deleting the vertex labeled 3 which does not disconnect the Dynkin
diagram, there is an inclusion of groups
SL9/µ3 →֒ E8.
As above, the Rost multiplier for the induced map on simply connected groups is 1. Therefore,
a generator for the degree 3 indecomposable invariants of SL9/µ3 is the restriction of the Rost
invariant of E8. Moreover, the 3-torsion part of Invnorm(E8,Q/Z(2)) is isomorphic to Z/3Z [8, Part
2, Thm. 16.8], so the restriction gives a splitting:
Inv3(SL9/µ3,Q/Z(2))norm ≃ F
×/F×3 ⊕ Z/3Z.
8 HERNANDO BERMUDEZ AND ANTHONY RUOZZI
5. HSpin
Theorem 5.1. We have
Inv3(HSpin4n,Q/Z(2))ind
∼=


0 if n > 1 is odd or n = 2
2Z/4Z if n ≡ 2 mod 4 and n 6= 2
Z/4Z if n ≡ 0 mod 4
Proof. This follows from equations (5) and (6) below. 
Corollary 5.2. We have
Inv3(HSpin16,Q/Z(2))norm
∼= F/F×2 ⊕ Z/4Z.
Proof. The invariant e3 for HSpin16 constructed in [6] via the inclusion HSpin16 → E8, gives the
required splitting. 
5.1. Q(G) for HSpin. As in the previous case, for G of type D2n all the roots have the same lengths,
and Λ is generated by the coroots and the additional element τ = 12
∑
i odd αi. The quadratic form
q is given by
q =
2n∑
i=1
w2i −
2n−2∑
i=1
wiwi+1 − w2n−2w2n.
Computing as before, q(τ) = n4 , and it follows that
(5) ℓ =


1 if n ≡ 0 mod 4.
2 if n ≡ 2 mod 4.
4 if n is odd.
5.2. Dec(G) for HSpin4n. Let G˜→ G→ G be the standard central isogenies where G˜ is the simply
connected cover of G and G = G/C(G) is adjoint. We have the following relationship for the Dynkin
indices:
nG˜ | nG | nG.
This follows from the definition: nG˜ is the gcd over all representations given by highest weights in
Λw, whereas nG is the gcd taken over all representations whose weights vanish on the kernel of the
map G˜→ G. Similarly nG is the gcd of representations whose highest weight vanishes on all of the
kernel of G˜→ G. Note that for G˜, the Dynkin index is equal to the order of the group of degree 3
invariants see [8, Part 2, Thm. 10.7]. Applying this to the case where G = HSpin4n we get that
2 | nHSpin4n | 4,
since we have nG = nPGO4n = 4 from [13] and nG˜ = nSpin4n = 2 or 4 from [8, Appendix B].
Now let χ be a fundamental weight of Spin4n, C the center of Spin4n; then C
∗
sep consists of
four elements, 0, λ, λ+ and λ− (see [8, p. 146]). Put n0, n
+ for the gcd(N(χ)) where the gcd is
taken over all characters that restrict to 0, and λ+ respectively, then one has that nHSpin
4n
=
gcd(n0, n
+ · ind(C+)). Furthermore from [8, Part 2, Lem. 15.3], we know that n+ = 22n−3 and n0
is divisible by 4, and this implies that
(6)
nHSpin8 = 2.
nHSpin
4n
= 4 for n > 2.
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6. Restriction of Invariants to Subgroups
6.1. Restrictions in terms of Q(G)/Dec(G). Consider the following diagram of groups
(7) µ2

µ2

µ2

Sp2n



// SL2n



// Spin4n

PSp2n


// SL2n/µ2


// HSpin4n
where the left vertical sequence is just the standard isogeny. The inclusions
Sp2n ⊂ SL2n ⊂ Spin4n
can be easily described. The first was treated above. The second comes from deleting an appropriate
end vertex of the Dynkin diagram of type D2n to obtain a diagram of type A2n−1 in such a way that
µ2 will still sit inside all groups, and we will be able to obtain the inclusion SL2n/µ2 ⊂ HSpin4n as
claimed. Now notice that by right side of diagram (2) and the previous results we get a diagram
Inv3(HSpin4n,Q/Z(2))ind
≃

// Inv3(SL2n/µ2,Q/Z(2))ind
≃

// Inv3(PSp2n,Q/Z(2))ind
≃

Q(HSpin4n)/Dec(HSpin4n) // Q(SL2n/µ2)/Dec(SL2n/µ2) // Q(PSp2n)/Dec(PSp2n)
The top row of this diagram gives the restriction of the generator of the group of indecomposable
invariants of HSpin4n to SL2n/µ2 and the restriction of the generator of the group of indecomposable
invariants of SL2n/µ2 to PSp2n which was described above. We now compute the other restriction
by using the bottom row of the diagram.
Notice that the only interesting case is when n ≡ 0 mod 4 since if n is odd then all of the groups
of indecomposable invariants are trivial, and there is nothing to say. Similarly if n ≡ 2 mod 4 then
Inv3(HSpin4n,Q/Z(2))ind
∼= Z/2Z as shown above. However, the other two groups are both trivial,
so the generator restricts trivially in these cases. To finish we note that, since the coroots of SL2n
are also coroots of Spin4n and they all have the same length, the Rost multiplier of the inclusion
SL2n →֒ Spin4n is 1. This means that the map
Z/4Z ≃ Q(HSpin4n)/Dec(HSpin4n)→ Q(SL2n/µ2)/Dec(SL2n/µ2) ≃ Z/2Z
maps 1 ∈ Z/4Z to 1 ∈ Z/2Z. Therefore, a generator of the group of indecomposable invariants of
HSpin4n restricts to a generator of the indecomposable invariants of SL2n/µ2.
We can go further and note that since we have
Inv3(HSpin4n,Q/Z(2))dec ≃ Inv
3(SL2n/µ2,Q/Z(2))dec ≃ Inv
3(PSp2n,Q/Z(2))dec
by applying the five lemma to diagram (2) we get that the map
Inv3(HSpin4n,Q/Z(2))norm → Inv
3(SL2n/µ2,Q/Z(2))norm
is onto.
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6.2. Explicit description of restrictions. Consider diagram (7), by looking at the long coho-
mology exact sequence we get a diagram:
H1(F,Sp2n) //

H1(F,PSp2n)

// H2(F, µ2)
H1(F,SL2n) //

H1(F,SL2n/µ2)

// H2(F, µ2)
H1(F,Spin4n) // H
1(F,HSpin4n) // H
2(F, µ2)
Now let x ∈ H1(F,HSpin4n) be a class mapping to a class [A] ∈ H
2(F, µ2) with index divid-
ing 2n; z and element of H1(F,PSp2n) which also maps to [A], and let x0 be the image of z in
H1(F,HSpin4n). Twisting the bottom row of this diagram by x0 and putting Spinx0 for the twist
of Spin4n we find a cocycle y ∈ H
1(F,Spinx0) which maps to x ∈ H
1(F,HSpin4n).
Notice that the map on indecomposable invariants induced by the quotient Spinx0 → HSpinx0
is onto because the group Q(HSpinx0) contains the generator q of Q(Spinx0). That is, there is a
generator e′3 of Inv
3(HSpinx0 ,Q/Z(2))ind which maps to the Rost invariant e
Spin
3 of Spinx0 . Now let
e3 be the image of e
′
3 in Inv
3(HSpin4n,Q/Z(2))ind under the isomorphism described in [13, p. 14].
We get an equation
e3(x) = e
Spin
3 (y) + e3(x0) ∈ H
3(F,Z/4Z)/P,
where P here is the subgroup defined in section 3 above, namely the subgroup generated by cup
products of Tits algebras with elements of the field. By the results of the last section we obtain:
Proposition 6.1. Let ∆ denote the invariant of Inv3(PSp2n,Q/Z(2))norm (this invariant was first
constructed in [9]), by the results of the last section we obtain the equation
(8) e3(x) = ∆(z) + e
Spin
3 (y) ∈ H
3(F,Z/4Z)/P.
Remark 6.2. The case n = 4 of the previous proposition was first proven in [6, Cor. 10.2]. For this
case, Corollary 5.2 allows us to strengthen the statement of the proposition to an equation
(9) e3(x) = ∆(z) + e
Spin
3 (y) ∈ H
3(F,Z/4Z).
7. Algebras with orthogonal involution in I3
In [6], Garibaldi uses a construction of a degree 3 invariant of HSpin16 to define an invariant for
central simple algebras (A, σ) of degree 16 with an orthogonal involution and to deduce some nice
properties. We now wish to show how the results of this paper allow us to recover and extend some
of those results to algebras of degree any multiple of 16.
Let (A, σ) be a central simple algebra with orthogonal involution over a field F of characteristic
not 2. Over the function field FA of the Severi-Brauer variety of A, the involution σ is adjoint to
a quadratic form qσ determined up to similarity. We say σ is in I
n, if qσ is in I
n, where I denotes
the fundamental ideal in the Witt ring of FA.
To relate these algebras with the results of this paper we recall that by [6, Lem. 4.1] the pairs (A, σ)
which lie in I3 are exactly those that are in the image of the map H1(k,HSpin4n)→ H
1(k,PGO4n).
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Now let e3 be a generator of Inv
3(HSpin4n,Q/Z(2))ind, and for a given pair (A, σ) fix an element
η ∈ H1(F,HSpin4n) which maps to (A, σ). Define
e3(A, σ) := e3(η) ∈ H
3(F,Q/Z(2))/[A] ·H1(F, µ2).
We note that the quotient on the right hand side implies that the value of e3(A, σ) does not depend
on the choice of η since we have the sequence:
H1(F, µ2)→ H
1(F,HSpin4n)→ H
1(F,PGO4n)
Put E(A) := ker(H3(F,Z/4Z) → H3(FA,Z/4Z)), and let P = [A] ·H
1(F, µ2) as before. Clearly
P ⊂ E(A) since A splits over FA. We now obtain the following generalization of [6, Thm. 2.6,
Cor. 2.8]
Theorem 7.1. Let (A, σ) be a central simple algebra with orthogonal involution of degree divisible
by 16. Then there exists an invariant e3(A, σ) ∈ H
3(F,Q/Z(2))/E(A) such that if K/F splits A,
then resK/F e3(A, σ) is the Arason invariant e3(qσ⊗K). Furthermore (A, σ) is in I
4 if and only if
e3(A, σ) is zero.
Proof. The construction of the invariant was described above. The proofs of the other statements can
be taken basically verbatim from [6]. We sketch them here for the reader’s convenience. Suppose the
algebra A splits over K, then by the results of section 6 above, there exists a class x ∈ H1(K,Spin4n)
which maps to (A, σ) in H1(K,PGO4n), and the value of the restriction resK/F e3(A, σ) is the value
of the Rost invariant of x, i.e. the Arason invariant of qσ. That (A, σ) is in I
4 if and only if e3(A, σ)
is zero then follows from the corresponding statement for qσ and the Arason invariant. 
Remark 7.2. It is shown in [2, Thm. 3.9] that a degree 3 invariant restricting to the Arason invariant
does not exist for degree 8 algebras with orthogonal involution in I3. These results are extended
in [6, Ex. 2.7] to rule out the existence of an invariant in all degrees not covered by the theorem
above.
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